Abstract. In the first part of this paper we revisit a classical topological theorem by Tischler [15] and deduce a topological result about compact manifolds admitting a set of independent closed forms proving that the manifold is a fibration over a torus. As an application we reprove the Liouville theorem for integrable systems asserting that the invariant sets or compact connected fibers of a regular integrable system is a torus. We give a new proof of this theorem (including the non-commutative version) for symplectic and more generally Poisson manifolds. This new strategy yields as a new result a splitting theorem for general singular fibers of an integrable Hamiltonian system and a description of the singular orbits of a singular (not necessarily nondegenerate) integrable system.
Introduction
A Liouville integrable system on a symplectic manifold is given by n functions f i (constants of motion) which pairwise commute {f i , f j } = 0 with respect to the Poisson bracket defined as {f, g} = ω(X f , X g ) where X f and X g denote the Hamiltonian vector fields associated to the smooth functions f and g. The set of first integrals F = (f 1 , . . . , f n ) is often referred to as moment map. This notion is related to classical integration of the equations of motion and can be generalized to other geometrical settings such as that of Poisson manifolds but also to non-geometrical ones like non-Hamiltonian integrable systems.
Liouville-Mineur-Arnold theorem on integrable systems asserts that a neighborhood of a compact invariant subset (Liouville torus) of an integrable system on a symplectic manifold (M 2n , ω) is fibred by other Liouville tori. Furthermore, the symplectic form can be described as the Liouville symplectic structure on T * (T n ) in adapted coordinates to the fibration which can be described using the cotangent lift of translations of the base torus. In particular in adapted coordinates (actionangle) the moment map is indeed a moment map of a Hamiltonian toric action. This theorem admits generalizations to the Poisson setting [10] .
The fact that the fibers of the moment map are tori is a key point in the theory and it is a purely topological result. This topological result often attributed to Liouville [11] was indeed probably first observed by Einstein [4] 1 . Probably, the best well-known proof of this fact (see for instance [3] ) uses the existence of a toric action associated to the joint flow of the distribution of the Hamiltonian vector fields of the first integrals and the identification of the Liouville tori as orbits of this action. The classical proof is rich because it describes not only the Liouville torus but closeby tori but somehow diverts from the topological nature of Liouville fibers.
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Given an integrable system the set of n 1-forms associated to the first integrals df i defines a set of closed 1-forms. These closed 1-forms are constant on the fibers of the associated moment map. In this paper we pay attention to the following fact, the regular fibers of an integrable system are naturally endowed with n independent closed 1-forms defined using symplectic duality from the the constants of motion. This fact together with a generalization of a result of Tischler for compact manifolds admitting k closed forms yields a new proof of the classical Liouville theorem.
This new topological proof of Liouville theorem works in the Poisson and non-commutative setting as well. As an outcome of this idea, we obtain a new decomposition theorem (splitting theorem) for general singular fibers which describes the singular fibers as intersection of manifolds which are a fibration over a torus with a totally singular fiber of an integrable system.
In this paper, we concentrate on topological aspects of foliations associated to a set of k-closed one forms in the framework of integrable systems. We suspect that a detailed dual proof of the action-angle theorem by Liouville-Mineur-Arnold theorem may be obtained as a consequence of our dual viewpoint
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. We plan to apply these techniques to generalization of cosymplectic manifolds in the future.
Organization of this paper: In Section 1 we revisit a theorem by Tischler concerning manifolds endowed with non-vanishing closed one-forms and prove that a manifold admitting k independent non-vanishing one-forms fibers over a torus. We apply these results in Section 2 to reprove Liouville theorem for integrable systems in the symplectic and Poisson settings for commutative and noncommutative integrable systems. This theorem yields a description of the singular orbits and fibers of a singular (not necessarily non-degenerate) integrable system which is described in Section 3.
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A topological result for manifolds with closed forms
In this first section we prove a generalization of a result of Tichler on manifolds with closed forms. We start recalling the following theorem by Tichler: Theorem 2.1 (Tischler theorem). Let M be a compact manifold admitting a nowhere vanishing closed 1-form ω, then M is a fibration over S 1 .
In this first section we prove the following generalization of Tichler's theorem which is stated without proof for foliations without holonomy in his paper [15] : Theorem 2.2. Let M n be a compact connected manifold endowed with k linearly independent closed 1-forms β i , i = 1, . . . , k which are nowhere vanishing then M fibers over a torus T k .
We will need the following lemma: 2 We thank Alain Chenciner for inspiring discussions in this direction. Lemma 2.3 (Ehresmann lemma [5] ). A smooth mapping f : M −→ N between smooth manifolds M and N such that :
(1) f is a surjective submersion, and (2) f is a proper map is a locally trivial fibration.
Proof. (of Theorem 2.2)We start by proving that the cohomology classes in
are all different. Assume the opposite β i and β j with i = j such that [
Since the 1-forms β i are linearly independent the k-form satisfies β 1 ∧ ... ∧ β k = 0 at every point in M n . Plugging equation 1 we obtain
But note that in this case we would have that β i ∧ β j = β i ∧ df = 0 for at least two points (where df = 0), since f is a function defined in a compact manifold. This contradicts the fact that
By the canonical correspondence between H 1 (M n , Z) and the set of homotopy classes of maps
, where θ is the standard angle on S 1 . Denote by b 1 the first Betti number of M n (which is at least k).
With this basis, we can express β i as:
Using the argument on Tischler theorem proof [15] , we can choose appropriate q ij ∈ Q ∀i, j, such thatβ i = p j=1 q ij ν j + dF i still non-singular and independent. Taking suitable N i ∈ Z we obtain forms β i = N iβi such that
Of course, they are also non singular and independent.
Without loss of generality we can assume dH i = 0. Indeed, the image H i ∈ C ∞ (M n ) is contained in a closed interval because M n is compact. Functions H i quotients to S 1 with a projection π, and we can redefine
Recall that the basis ν j is defined as
Hence the forms β i are written
If we define the functions
Since β i are independent in H 1 (M n , R) this implies dθ i are independent as one-forms from M n to R n and so dθ i are also independent into S 1 , this implies that Θ is a surjective submersion. Since M n is compact, we can apply Ehresmann lemma and Θ defines a locally trivial fibration.
When k = n we obtain the following as a corollary:
Corollary 2.4. Let M n be a compact connected manifold endowed with n linearly independent closed 1-forms β i , i = 1, . . . , n which are nowhere vanishing then M is diffeomorphic to a torus T n .
Proof. Applying Theorem 2.3, M n fibers over a torus T n . From the invariance of domain theorem it is an immersion because the target space is n-dimensional too. Thus Θ defines a covering map but since M n is connected it defines a diffeomorphism
Applications to regular integrable systems
One of the best well-known theorem of integrable systems is Liouville-Mineur-Arnold theorem which roughly speaking asserts that the fibers of the map F defined by the first integrals describe a fibration by tori (if the ambient manifold is compact and the fibers are regular) and also that there exists priviledged coordinates (called action-angle coordinates) in which the symplectic form can be expressed in a unique Darboux chart in a neighborhood of one of these tori.
The first statement of Liouville-Mineur-Arnold theorem says that a compact connected regular set of an integrable system is in fact a torus of dimension n. This theorem has been attributed to Liouville for a long time but it was indeed probably first proved by Einstein [4] . The theorem remains valid when we consider an integrable system on a Poisson manifold but also for the so-called non-commutative systems.
In this section we apply theorem 2.4 to reprove that the fibers are tori for integrable systems on symplectic and Poisson manifolds. The tools used for this new proof differ from the classical tools where a torus action is used [3, 10] .
3.1. Liouville tori of integrable systems on symplectic manifolds. Recall the definition of an integrable system as well as the Liouville-Mineur-Arnold theorem.
Definition 3.1. An integrable system on a symplectic manifold (M 2n , ω) is a set of n functions f 1 , ..., f n generically functionally independent (i.e. df 1 ∧ ... ∧ df n = 0 on a dense set) and pairwise commuting with respect to the Poisson bracket
A point p is called regular point for the integrable system if df 1 ∧ ... ∧ df n (p) = 0. Theorem 3.2. Let (M 2n , ω) be a symplectic manifold and F = (f 1 , ..., f n ) an integrable system. Let p be a regular point denote F (p) = c and assume L c = F −1 (c) is compact and connected, then
(2) A neighborhood U of the torus L c is the direct product of T n and the disc D n , and the fibration given by f coincides with the projection on the disc.
Denote by L n any connected component of F −1 (c) (or all of it if assumed connected) and we also assume it is compact. Denote by X i the Hamiltonian vector associated to f i . Observe that
and the vector fields X 1 , ..., X n are tangent to L n for all p ∈ L n . So we can indeed write T (L n ) p = X f 1 , ..., X fn p . Take now in R n the canonical basis of vector fields
on R n and consider their pullbacks by F , S i := F * (∂ i ), which are vector fields in M tangent to L n . They satisfy:
They are determined by this condition modulo T p L n . Proof. By definition of S i , we have S i (f j ) = δ ij . Applying it ∀i, j:
To prove that β i is closed, we just have to check that dα i (X i , X j ) = 0 for all X i , X j ∈ Γ(L n ).
We conclude that d(j * α i ) = dβ i = 0 and so our forms β i are closed in L n .
Lemma 3.4. The 1-forms β 1 , ..., β n are linearly independent and non-singular at all points of L n .
Proof. As seen in the previous lemma, we have that β i (X j ) = δ ij . We deduce that β i = X i * , by definition of dual basis. Since X 1 , ..., X n form a basis of the tangent space at every point in L n , we have that β 1 , ..., β n form a basis of the cotangent space at every point in L n . In particular all β i are independent. This implies that β 1 ∧ ... ∧ β n is a volume form and so each of the forms is non-singular.
We now prove Liouville theorem as a corollary of theorem 2.4. Poisson manifolds constitute a generalization of symplectic manifolds and it generalizes very natural structures such that of linear Poisson structures associated to the dual of a Lie algebra. Integrability of Hamiltonian systems in the Poisson setting is a rich field which connects naturally to representation theory (Gelfand-Ceitlin systems on U (n)). We recall the notion of integrable system for Poisson manifolds. For integrable systems on Poisson manifolds it is possible to prove an action-angle theorem in a neighborhood of a regular torus as it was proven in [10] .
Theorem 3.7. Let (M, Π) be a Poisson manifold of dimension n of maximal rank 2r. Suppose that F = (f 1 , . . . , f s ) is an integrable system on (M, Π), i.e., r + s = n and the components of F are independent and in involution. Suppose that m ∈ M is a point such that
The rank of Π at m is 2r; (3) The integral manifold F m of X f 1 , . . . , X fs , passing through m, is compact.
Then there exists R-valued smooth functions (σ 1 , . . . , σ s ) and R/Z-valued smooth functions (θ 1 , . . . , θ r ), defined in a neighborhood U of F m such that (1) The manifold F m is a torus T r . (2) The functions (θ 1 , . . . , θ r , σ 1 , . . . , σ s ) define an isomorphism U T r × B s ; (3) The Poisson structure can be written in terms of these coordinates as
in particular the functions σ r+1 , . . . , σ s are Casimirs of Π (restricted to U ); (4) The leaves of the surjective submersion F = (f 1 , . . . , f s ) are given by the projection onto the second component T r × B s , in particular, the functions σ 1 , . . . , σ s depend on the functions f 1 , . . . , f s only.
The functions θ 1 , . . . , θ r are called angle coordinates, the functions σ 1 , . . . , σ r are called action coordinates and the remaining functions σ r+1 , . . . , σ s are called transverse coordinates.
We can apply Tichler's trick to reprove the orbits of a non-commutative integrable systems are tori in the Poisson setting (and deduce the result for the commutative particular case). We start recalling some definitions from [10] . On the open subset M F,r ∩ U F of M , the Hamiltonian vector fields X f 1 , . . . , X fr define an involutive distribution of rank r. Let us denote by F its foliation with r-dimensional leaves, see [10] . When F m is a compact r-dimensional manifold. The action-angle coordinate theorem proved in [10] (Theorem 1.1) gives a semilocal description of the Poisson structure in a neighborhood of a compact invariant set: Theorem 3.11. Let (M, Π, F ) be a non-commutative integrable system of rank r, where F = (f 1 , . . . , f s ) and suppose that F m is compact, where m ∈ M F,r ∩ U F . Then there exist R-valued smooth functions (p 1 , . . . , p r , z 1 , . . . , z s−r ) and R/Z-valued smooth functions (θ 1 , . . . , θ r ), defined in a neighborhood U of F m , and functions φ kl = −φ lk , which are independent of θ 1 , . . . , θ r , p 1 , . . . , p r , such that
(2) The functions (θ 1 , . . . , θ r , p 1 , . . . , p r , z 1 , . . . , z s−r ) define a diffeomorphism U T r × B s ; (3) The Poisson structure can be written in terms of these coordinates as,
(4) The leaves of the surjective submersion F = (f 1 , . . . , f s ) are given by the projection onto the second component T r × B s and as a consequence the functions f 1 , . . . , f s depend on p 1 , . . . , p r , z 1 , . . . , z s−r only.
Let us now prove the first part of the theorem above using Corollary 2.4.
Proof. (of first item above)
Consider F = (f 1 , . . . , f s ) the set of first integrals of the non-commutative integrable system. Consider the span of the Hamiltonian vector fields X i := Π(df i , ·). From definition of the noncommutative integrable system at each point on the regular set, dimension of the vector space is r. Denote by α i the 1-forms such that α i (X j ) = δ ij . They are not uniquely determined, but if we consider the inclusion j of the orbit into the manifold, then the 1-forms β i = j * α i are uniquely determined. We can easily check that the forms β i are closed:
where in the last equality we have used that [X j , X k ] = X {f j ,f k } and from the definition of noncommutative integrable system X {f j ,f k } = X 0 = 0.
From the definition the dimension of the orbit is r and we have exactly r forms thus applying Corollary 2.4 we conclude that the orbit is a torus. From the regular value theorem, observe also that this orbit is the connected component through the point of the mapping given by F = (f 1 , . . . , f s ).
Finally, when r = s we obtain as corollary the first statement of Theorem 3.7 of the commutative case.
Corollary 3.12. Given an integrable system on a Poisson manifold F = (f 1 , . . . , f s ) , the regular integral manifold F m of X f 1 , . . . , X fs , passing through m, is a torus of dimension r, T r .
New applications to singular integrable systems
In this section we apply theorem 2.2 to prove that the singular orbits of an integrable system in a symplectic manifolds 3 are also Liouville tori even if the singularities are of degenerate type. We start by defining what is an orbit of an integrable system.
Consider an integrable system F = (f 1 , . . . , f n ) on a symplectic manifold (M 2n , ω) and let D stand for the distribution generated by the Hamiltonian vector fields, D := X f 1 , . . . , X fn . Since [X f i , X f j ] = 0, this distribution is involutive. In case the rank is not constant this distribution is of Stefan-Sussmann type whenever the invariance condition ( [2] ) is satisfied. In this case because of Stefan-Sussman theorem the distribution is integrable in the sense for each point p ∈ M there exists a manifold
Definition 4.1. We denote orbit O p of the integrable system the integral manifold N p of the involutive distribution D.
Observe that for singular integrable systems the foliation associated to the distribution D does not necessarily coincide with the singular fibration defined by F = (f 1 , . . . , f n ). In particular, the integral manifolds of D are always smooth manifolds but the fibers of F may fail to be smooth as the following example shows: Example 4.2. Consider the fibers of an integrable system with focus-focus type singularities on R 4 with ω = dx 1 ∧ dy 1 + dx 2 ∧ dy 2 and f 1 = x 1 y 1 + x 2 y 2 , f 2 = x 1 y 2 − x 2 y 1 , the fiber of F = (f 1 , f 2 ) of O = (0, 0, 0, 0) has a conical singularity at zero and it is not a smooth manifold as in a pinched torus. The orbit of D through the point O is O. O Figure 1 . Neighbourhood of a conical singularity as in a pinched torus
In the first subsection we will totally describe singular orbits of an integrable system and in the second subsection we concentrate on singular fibers and give a splitting theorem which allows to decompose the fiber as an intersection of regular and singular fiber. 4.1. Liouville tori of singular integrable systems. The first theorem gives a description of the singular orbits of an integrable system: Theorem 4.3. Let F = (f 1 , . . . , f n ) be an integrable system on a symplectic manifold (M 2n , ω) and let D stand for the distribution generated by the Hamiltonian vector fields, D := X f 1 , . . . , X fn . Let p be a point where rankD p = k, then the orbit O p is diffeomorphic to a torus of dimension k, T k .
Proof. The first observation is that by definition of the distribution, the tangent space to O p is generated by the Hamiltonian vector fields X f i at the point p. Now consider a basis of the vector space T p (O p ) and assume (reordering the functions f i if necessary) that it consists of the first Hamiltonian vector fields X f 1 , . . . X f k .
Consider the set of functions F = (f 1 , . . . , f k ), and the inclusion j : O p → M 2n . The vector fields S i = F * (∂ i ) satisfy as in Theorem 3.2 :
Consider the dual forms are α i satisfying ι S i ω = α i . Finally, if j is the inclusion of the orbit, let β i = j * α i be the dual basis of F * (
), now in the vector space T p (O p ). These 1-forms as forms on the orbit O p are closed. In order to do this since the tangent space T p (O p ) is generated by the first k Hamiltonian vector fields X i = X f i we write
These forms are independent since the vector fields F * (∂ i ) are independent and nowhere vanishing at O p because by symplectic duality the form df 1 ∧ · · · ∧ df k = 0 as X f 1 , . . . X fn are linearly independent at p. We just need to apply Corollary 2.4 to conclude that O p is diffeomorphic to a torus T k .
Remark 4.4. Observe that one may adapt the proof by Duistermaat [3] to conclude the same result. Our proof is somewhat shorter and we do not need to care about potential changes of the isotropy group of the action.
Singular fibers of integrable systems and tori.
Observe that whenever we have a singular orbit of an integrable system by definition the orbit is included in the fiber O p ⊂ F −1 (p) and equality holds for regular orbits as long as the fibers are connected. A natural question is what can we say about the topology of singular orbits of an integrable system? From theorem 4.3 we know the singular orbit always contains a k-dimensional torus.
What else do we know about singular fibers? Already considering non-degenerate integrable systems [13, 14, 16] we know the system may contain singular fibers which are not smooth manifolds (as we saw in Example 4.2).
We now prove as a consequence of theorem 2.2 that a singular fiber of an integrable system given by a proper moment map can be presented as the intersection of two sets the first one is a smooth compact manifold which is a fibration over a torus. Let us fix the following notation: Let k be the rank of dF p . Let us assume that the rank of df 1 , . . . df k equals k. We write F = (F 1 , F 2 ) with F 1 = (f 1 , . . . , f k ) and F 2 = (f k+1 , . . . , f n ). We say F is maximally proper if its regular part F 1 is a proper map. Let p be a singular point. Let us denote as N = F . Let L be a singular fiber of an integrable system F = (f 1 , . . . , f n ) at a point F (p) with rank k. Assume F is maximally proper at F (p) then L = N ∩ S where N is a smooth compact manifold of dimension 2n − k which is a fibration over a k-dimensional torus T k .
Proof. Denote by N = F −1 1 (F (p)) because F 1 is a proper map this set is compact. Furthermore, since the rank of the differential is k because of the regular value theorem it is a smooth manifold of dimension 2n − k. Now let us consider the set of k-vector fields
) for i ∈ {1, ..., k} and j be the inclusion of N into our total manifold. Let us consider the set of 1-forms on N defined by symplectic duality as in the previous proofs γ i = j * ι Y i ω. We want to check that these forms are closed on N .
Because of Darboux-Carathéodory theorem we can always locally complete a set of regular first integrals to a new local integrable system and find local conjugate coordinates h i such that
From the definition of γ i in Darboux-Carathéodory coordinates γ i are locally dh i thus they are closed forms on M and also on N . Another consequence of Darboux-Carathéodory is that they are independent also as forms on N since the tangent space to a point of N is given by the kernel of dF 1 . Thus applying Theorem 2.2 we conclude that N is a fibration over a torus.
Example 4.6. We consider S 2 ×T * (S 1 ) endowed with coordinates (p 1 , q 1 , p 2 , q 2 ) and the symplectic structure ω = dp 1 ∧ dq 1 + dp 2 ∧ dq 2 . Consider the Hamiltonian system associated to H = q 2 .
The function f = p 2 1 + q 3 1 − p 2 q 1 commutes with H and the pair (H, f ) defines an integrable system. At the origin, the rank of the differential of F = (H, f ) is 1. Observe that the system has a degenerate singularity.
The set we are interested in is N = H −1 (0, 0, 0, 0)) = H −1 (0). It is defined by N = {(p 1 , q 1 , p 2 , q 2 ) | q 2 = 0}.
Observe that N ∼ = S 2 × S 1 is a trivial fibration over S 1 as expected. 
